Employing the recently proposed compressible cell Ising-like model (Phys. Rev. Lett. 120, 120603 (2018)) the Grüneisen parameter (Γ), i.e. the ratio between thermal expansivity and specific heat, for supercooled water is estimated. Upon approaching the critical pressure and temperature, Γ is rather enhanced. It is well-established in the literature that Γ diverges upon approaching pressureinduced finite-T critical end-point (Phys. Rev. Lett. 104, 245701 (2010)) and quantum critical points (Phys. Rev. Lett. 91, 066404 (2003)), which is associated with the presence of two-energy scales governing the system. The enhanced behavior of Γ reported here can be assigned to the coexistence of a high-and a low-density liquid (Science 358, 1543(Science 358, (2017). Our findings support the proposal of a liquid-liquid critical point in supercooled water in the no-mans land regime and pave the way for the application of this model for other systems.
Employing the recently proposed compressible cell Ising-like model (Phys. Rev. Lett. 120, 120603 (2018)) the Grüneisen parameter (Γ), i.e. the ratio between thermal expansivity and specific heat, for supercooled water is estimated. Upon approaching the critical pressure and temperature, Γ is rather enhanced. It is well-established in the literature that Γ diverges upon approaching pressureinduced finite-T critical end-point (Phys. Rev. Lett. 104, 245701 (2010)) and quantum critical points (Phys. Rev. Lett. 91, 066404 (2003)), which is associated with the presence of two-energy scales governing the system. The enhanced behavior of Γ reported here can be assigned to the coexistence of a high-and a low-density liquid (Science 358, 1543 (2017)). Our findings support the proposal of a liquid-liquid critical point in supercooled water in the no-mans land regime and pave the way for the application of this model for other systems.
Liquid water constitutes one of the most important substances on the Earth, being from the biological point of view fundamental for the maintenance of life in our planet. From the physical properties perspective, water comprises various anomalous properties, cf. shown Fig. 1 ; for details, see also, e.g. [1, 2] . In the last 25 years, particular attention has been paid to the so-called supercooled phase. The latter was initially proposed using molecular dynamic simulations [3] and, since then, supercooled water has been intensively investigated and the no-mans land region in the phase diagram ( Fig. 1) [2] constitutes a topic of intensive debate, see e.g. Refs.
[2, [4] [5] [6] [7] and references cited therein. A very convincing scenario to describe supercooled water is based on the existence of two liquid phases at low-T , being one of such phases characterized by a high-and the other one by a low-density [6] . Recently, fs x-ray scattering investigations on the droplets probed the maximum in isothermal compressibility, correlation length and the structure of both water and heavy-water and thus provided experimental evidence for a second-order critical end-point in the Widom line [7] , thought no clear-cut divergence in such quantities was observed by the authors. Here we report on the Grüneisen parameter (Γ) [8] [9] [10] for supercooled water and provide clear evidence for a liquid-liquid critical point. To this end, we make use of the compressible Isinglike model recently proposed in Refs. [11] [12] [13] , whose main results are recalled in the following, aiming to obain Γ. The model is based on the existence of two possible accessible volumes, represented by v 0 and v 0 + δv, with δv > 0. The two characteristic volumes are 0 <v + < v + and 0 <v − < v − , being their ratio represented by λ, i.e. λ =v + /v − . The total number of sites is given by N and a coordination number c is associated to the system. A cell is considered for each site and a particle can thus move in its free volume. The interaction between sites is represented by δε. The energy (E{n i }) and the volume (V ) of the system for the given model are given by Eqs. 1 and 2, respectively [11] . 
(2) where (n i + n j ) = N , {n i } denotes a configuration where K particles occupy the volume v − and (N − K) particles occupy v + . Thus, each particle is located in a site, with two possible values for the volume. As will be discussed below, the two accessible volumes can be associated with the low-and high-density phases and thus to two distinct energy scales. The latter are the key considerations to understand the enhancement of Γ upon approaching arXiv:1808.00536v1 [cond-mat.stat-mech] 1 Aug 2018 the liquid-liquid critical point. From Eqs. 1 and 2 all the observables related to the system can be easily obtained [14] . For an isothermal-isobaric analysis, we sum the contributions e −E/k B T and e −pV /k B T to the partition function, where k B is the Boltzmann constant, p and T correspond to the pressure and temperature, over all possible microstates of the system. The resulting partition function Z = Z(N, p, T ) has the same mathematical structure of the Ising canonical partition function. Since the three-dimensional Ising model has not yet been analytically solved, we adopt an approximation to obtain the observables, which is the mean-field solution [11] . Indeed, the mean-field theory can be applied to a variety of systems, such as the Ising model and the van der Waals theory for liquid-gas systems [14] . It consists of replacing the functional integral Z = N (Dm)e −E[m,H] by the maximum value of the integrand, the so-called saddlepoint approximation. The parameter m corresponds to the order-parameter density and Dm is the volume element. Since this approximation considers that the only important configuration near the critical point is the one of uniform density, one could expect some artifacts on the study of critical phenomena, given the fact that density fluctuations, namely fluctuations of the order parameter, are particularly strong in this regime. However, the authors of Ref. [11] have shown that, consistent results can be obtained in such framework. The equation of state for the system is obtained [11] :
from which we also deduce that
From Eq. 3, the coordinates of the critical point, namely p c = (v c , T c ), can also be easily determined [14] :
We have,
Applying the conditions above-mentioned the critical point parameters read:
Employing basic thermodynamic relations [14] and using were reported in Ref. [11] . b) Temperature (T ) versus volume (V ) for different values of pressure, which were also varied uniformly as in panel a). The parameters used were the same as in [11] , namely c = 6, δε = 1000 J mol
[11] the isobaric thermal expansivity (α p ) and the heat capacity (c p ) can be obtained. The calculations are straightforward and the results are:
From Eqs. 8 and 9 the expression of Γ for the system can be achieved. By definition Γ = αp cp [10] and thus using Eqs. 8 and 9 one has v. Hence, we analyze the behavior of c p and α p by varying v, which automatically leads to variations of T . The critical point parameters can be fixed employing the corresponding expressions. The parameters were adjusted [11] so that T c 180 K, which is in the no no-mans land region [2]. Fig. 2 a) and b) shows, respectively, the p-V phase diagram for various temperatures and the T -V diagram. Note that for T = 0 K, the resulting mapping p(0, v) is a straight line. The latter can be easily obtained using Eq. 3. As the temperature is increased, for v ≈ v 0 , the resulting pressure is higher when compared to lower values of temperature. For v ≈ v 0 +δv, however, higher temperatures cause a decrease in the pressure for fixed values of v. Regarding Fig. 2 b) , it is interesting to note that for a particular range of values of the volume, no physical values of the temperature are achieved considering the given pressure values, cf. discussed in the following. The blue vertical line shows that the point in which the pressure is the same for every temperature value (see Fig. 2 a) ) represents the limiting value for the volume (V ) for which physical values of the temperature are obtained. Fig. 2 b) was obtained using Eq. 3. It is important to point out that an expression v(T, p) cannot be analytically obtained since Eq. 3 is transcendental in V . Thus, we have, actually, a mapping of such physical quantities (see Eq. 4). Thus, for each pressure value (p), we can find the corresponding v and T values and the same holds for any other desired order of these three parameters. Figs. 3 a) , b) and c) show, respectively, the behavior of α p , c p and Γ for different values of pressure. Note that as the pressure is increased, both the minimum of α p and the maximum of c p shift to lower values of temperature and Γ becomes clearly steeper. Such features are a direct consequence of the proximity to the critical point, being p c ≈ 1.17 kbar [11] . In Fig. 3 c) the effect of pressure on Γ is depicted, indicating a rather particular behavior upon approaching the critical point. Note that the above-discussed features in c p and α p for pressure values near p c are are quite distinct from that observed for Γ. For the latter, as p c is approached, its variation with temperature becomes maximum at T = T c , a fingerprint of a critical point [8, 10, 15, 16] . This observation constitutes the main finding of the present work. Considering the Maxwell-relation
and the negative thermal expansivity depicted in Fig. 3 , it follows that the entropy of the systems is enhanced upon approaching the liquid-liquid critical point. In other words, upon applying pressure the high-and low-density phases tend to mix and, as consequence, the entropy is increased. A similar situation is found in the case of finite-T critical end-point reported for molecular conductors [8, 17] and quantum critical points in heavy-fermion compounds [18, 19] . The high-and low-density phases give rise to two different energy scales. In fact, the degree of Hbonding is expected to depend on temperature and pressure, so that a scaling cannot be applied successfully. be reduced [20, 21] . As discussed in Ref. [6] water molecules interactions gives place to an open-like H-bond structure, which has a lower density when compared to other configurations. The distinct energy-scales associated with H-bond configurations, which in turn correspond to the low-and high-density phases, are captured in the compressible Ising-like model upon introducing the two accessible volumes for the system. In terms of Landau's theory [22] , the decrease of the order-parameter fluctuations is accompanied by the divergence of the correlation length [7] and divergence of the relaxation time [23] . Considering supercooled liquids, the authors of Ref. [24] report on the connection between entropy-dependent relaxation time and Γ. The present work provide evidence that this could be the case for supercooled water. Since we have studied the thermodynamic quantities of interest for a given set of initial parameters that were maintained fixed, we can now extend the model in order to use it as a theoretical predictor of critical behaviour. The parameter λ represents, as already discussed, the ratio of the characteristic volumes that each particle can occupy. We anticipate that as the λ ratio is changed, the model can be used to simulate different systems. Thus, we now turn our attention to an analysis of Γ by varying λ. An analysis of Eq. 10 reveals that upon varying λ, the critical value of p c changes, but T c remains the same. Such feature is merely a consequence of the non-dependence of T c on λ. Interestingly, the critical temperature T c only depends on c and δε. Also, as λ is increased, there is a shift of the critical pressure p c to higher values. As a consequence, Γ(T ) is shifted to higher values of temperature as λ is increased. It is noteworthy to mention that, as depicted in Figs. 3 c) Γ is extremely sensitive to thermal fluctuations in the vicinities of T c . An additional result obtained in the frame of the present work is illustrated in Fig. 4 . We observe that as the pressure is increased for v = v 0 + δv, the temperature decreases. We use the present compressible Ising-like model to study the Isingnematic phase present recently proposed to be present in the low-doping regime of Fe-based superconductors [25] . Essentially, the electronic nematic phase can be characterized as a melted stripe phase [26] . Based on previous discussions, the nematic phase can be described by limiting our model to the case where v = v 0 + δv, as in Fig. 4 (red curve) . We consider that the pressure variation corresponds to the introduction of a chemical pressure in the system due to the doping effect on the crystal lattice. As the pressure (doping) is varied, the critical point signature vanishes (see Fig. 3 ). The same behavior as that shown in Fig. 4 (red curve) is obtained experimentally for the the so-called 122 doped Fe-based superconductors [27] . In particular, the signatures in thermal expansion are suppressed upon doping [27] . However, since there is not one single way to fit the parameters, i.e. more than one constant can be varied, we leave the fitting for experimental results reported in Ref. [27] for a future work. Thus, the present model can be used to simulate the doping effect in single-crystals by considering that two different volumes are present in the melted electronic nematic phase [26] . Essentially, upon doping the system the electronic nematic phase, associated with twocoexisting volumes (see figure in Ref. [26] ), is suppressed given way to the way to the appearance of superconductivity as reported, for instance, for Ba(Fe 1−x Co x ) 2 As 2 single crystals, see e.g. [27, 28] .
In conclusion, we have calculated the Grüneisen parameter for the liquid-liquid-like transition of supercooled water employing an energy-volume coupled Isinglike model [11] . The observed diverging behavior of the Grüneisen parameter upon approaching the pressure and temperature values, in which anomalously behavior in various thermodynamic quantities is observed, provide strong evidence of a liquid-liquid critical point governed by two distinct energy scales. Also, our study raises the possibility of application of the model for other systems by adjusting the aforementioned parameters as well as the possibility of exploring the critical behavior of water and its other phases. [2] Paola Gallo, Katrin Amann-Winkel, Charles Austen
